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Complex Multiplication

Complex multiplication. (a + bi) (¢ + di) = x + yi.

Grade-school. x=ac-bd, y=bc +ad.
N

4 multiplications, 2 additions

Q. Is it possible to do with fewer multiplications?



Complex Multiplication

Complex multiplication. (a + bi) (¢ + di) = x + yi.

Grade-school. x=ac-bd, y=bc +ad.
AN

4 multiplications, 2 additions

Q. Is it possible to do with fewer multiplications?
A. Yes. [Gauss] x=ac-bd, y=(a+b)(c+d)-ac-bd.

3 multiplications, 5 additions



5.5 Integer Multiplication




Integer Addition

Addition. Given two n-bit integers a and b, compute a + b.
Grade-school. ©(n) bit operations.
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Remark. Grade-school addition algorithm is optimal.



Integer Multiplication

Multiplication. Given two n-bit integers a and b, compute a x b.
Grade-school. ©(n?) bit operations.

11010101
x 01111101
11010101
0000O0OO0OO0OODO
110101010
110101010
110101010
110101010
110101010
0000O0OOODO
0110100000000O0O01

Q. Is grade-school multiplication algorithm optimal?



Divide-and-Conquer Multiplication: Warmup

To multiply two n-bit integers a and b:
. Multiply four 3n-bit integers, recursively.
« Add and shift to obtain result.

a = 2”/2°a1 + a,
b = 2"%-b + b,
ab = (2"7-aj+ap) (2" by +by) = 2" aby + 2" (aby+anb;) + agb,

Ex. a = 10001101 b = 11100001
- —
a; a, bl b()

T(n) = 4T(n/2) + ©(n) = T(n)=0(n")
—

recursive calls add, shift



Recursion Tree
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Karatsuba Multiplication

To multiply two n-bit integers a and b:
- Add two 3n bit integers.

- Multiply three 3n-bit integers, recursively.
= Add, subtract, and shift to obtain result.

a = 2"%-a + a,
b = 2"%-b + b,
ab = 2"-aqb + 2”/2-(a1b0+a0b1) + ayb,
= 2"-aqb + 2"7((a,+ay) (b +by) — ab; —ayh,) + agb,



Karatsuba Multiplication

To multiply two n-bit integers a and b:
- Add two 3n bit integers.
- Multiply three 3n-bit integers, recursively.
= Add, subtract, and shift to obtain result.

a = 2"%-a + a,
b = 2"%-b + b,
ab = 2"-aqb + 2”/2-(a1b0+a0b1) + ayb,
= 2"-aqb + 2"7((a,+ay) (b +by) — ab; —ayh,) + agb,

Theorem. [Karatsuba-Ofman 1962] Can multiply two n-bit integers
in O(n'~%) bit operations.

T(n) = T(|n/2]) + T([n/2]) + T(14[n2]) + O =T = O@) = O@'™)

recurs;(fe calls add, subtract, shift
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Karatsuba: Recursion Tree

0 n 0 Ign . (§)1+lgn ~1
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Matrix Multiplication




Dot Product

Dot product. Given two length n vectors a and b, compute ¢ = a -

Grade-school. ©(n) arithmetic operations.

a .

a =[.70 20
b =[30 .40 30]
a- b = (70x.30) + (20 x 40) + (.10 x 30) =

Remark. Grade-school dot product algorithm is optimal.

b.
N
b

n
=Y ab,
i=1
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Matrix Multiplication

Matrix multiplication. Given two n-by-n matrices A and B, compute C = AB.
Grade-school. ©(n%) arithmetic operations. ——

n
Cij = E aik bkj
k=1

-c11 Cp, Cy -all a, - aq, -bll blz e bln
c21 022 cZn — a21 a22 a2n x b21 b22 b2n
_cnl Cn2 o Cnn _ _anl an2 o ann i _bnl bn2 e bnn i

S9 32 41 J0 .20 .10 80 30 .50

31 36 25| = [30 .60 .10| x 10 40 .10

45 31 42 S0 .10 40 10 30 40

Q. Is grade-school matrix multiplication algorithm optimal?
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Block Matrix Multiplication

= A xB + ApxB, = [

0 1
4 5

|

16 17
20 21

N

2 3
6 7

N

24 25
28 29

|

|

152 158
504 526

|
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Matrix Multiplication: Warmup

To multiply two n-by-n matrices A and B:
. Divide: partition A and B into 3n-by-3n blocks.
. Conquer: multiply 8 pairs of 3n-by-3n matrices, recursively.
» Combine: add appropriate products using 4 matrix additions.

lcll Cu] _ [All Au] » [Bn 312] Chi = (4ixBy) + (A% By)
G, Gy - Ay Ay B,, B, C, = (A11XB12) + (A12X322)
G, = (A21XB11) + (A22XB21)
G, = (A21 XBlZ) + (A22XB22)

T(n)= 8T(n/2) + \ Q) = T(n)=0n")

-
recursive calls add, form submatrices
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Fast Matrix Multiplication

Key idea. multiply 2-by-2 blocks with only 7 multiplications.

[Cll C12] _ |:A11 A12:| X I:Bll BlZ]
C21 C22 AZI A22 B 21 B 22

Ci = B+F-B+E
C, = RH+h

Gy = B+E

G,

2 = L+h-B-h

- 7 multiplications.

= 18 =8+ 10 additions and subtractions.

Ay % (Bjy = By)
(4 + App) x By,
(Ay; + 4yy) x By,
Ay X (By = Byy)
(A + Ap) % (B + By,)
(Ajp = Ayy) % (B, + Byy)
(4= 4) x (B + By,)
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Fast Matrix Multiplication

To multiply fwo n-by-n matrices A and B: [Strassen 1969]
. Divide: partition A and B into 3n-by-3n blocks.
. Compute: 14 3n-by-3n matrices via 10 matrix additions.
. Conquer: multiply 7 pairs of 3n-by-3n matrices, recursively.
« Combine: 7 products into 4 terms using 8 matrix additions.

Analysis.
. Assume n is a power of 2.
« T(n) = # arithmetic operations.

T(n)= TT(n/2 )+ O(n?) = T(n)=0n""")=0n*")
recursive calls W
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Fast Matrix Multiplication: Theory
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FIG. 1. «(?) is the best exponent announced by time .

Best known. O(n*37%) [Coppersmith-Winograd, 1987]

Conjecture. On**®) for any € > 0.

Caveat. Theoretical improvements fo Strassen are progressively
less practical.
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